Abstract-For integers k≥2 and n≥2k+1, let ex (n, C 2k ) denote the maximum number of edges in a C 2k -free graph of order n, and EX (n, C 2k ) denote the set of all graphs with ex(n, C 2k ) edges. For k=3, it is well known that ex (n, C 2k ) > 0.5338n 1+1/k for some large n. In this paper, we study the values of ex (n, C 2k ) for k≥3 when n is small, their lower bounds were given based the three graphs without C 2k . The known result shows that it is the tight lower bound for k=3 and n=28, and we further conjecture that ex(n, C 2k )=(2k+1)(2k−1)(2k−2)/2 for n=4k 2 −2k−2 and k≥4.
I. INTRODUCTION
We consider only finite undirected graphs without loops or multiple edges. V (G) and E(G) denote the vertex set and edge set of graph G respectively. P k is a path on k vertices and C i is a cycle of length i. The length of the shortest cycle in G is referred to as the girth of G, denoted by g (G) . A block of a graph is maximal nonseparable subgraph. Let EC(S) denote the edge set of the complete graph with vertex set S.
For integers k≥2 and n≥2k+1, let ex(n, C 2k ) denote the maximum number of edges in a C 2k -free graph of order n, and EX(n, C 2k ) denote the set of all graphs with ex(n, C 2k ) edges. There is a conjecture of Erdös and Simonovits [1] that ex(n, C 2k ) is asymptotically to (1/2)n 1+1/k as n tends to infinity. Bollobá s [2] proved that ex(n, C 2k )~(1/2)n 1+1/k for k=2. Lazebnik, Ustimenko and Woldar [3] studied certain families of C 2k -free graphs, and proved that ex(n, C 2k )≥((k−1) k −(1+1/k) +o(1))n 1+1/k for k=3 and 5. In paper [4] , they further improved the lower bounds on ex(n, C 2k ) to (0.5 + o(1)) n 1+1/k for k=3. Füredi, Naor and Verstraë te [5] proved that ex(n, C 2k )>0.5338n 4/3 , where n=t 3 +t 2 +t+1+( 5 −2)(t 3 +t 2 +t+1) and t=2 2α+1 for α being a positive integer. Hence, the smallest n for them is 723. Yang and Rowlinson found the values of ex(n, C 4 ) for 21≤n≤31 [6] and the values of ex(n, C 4 ) for 6 ≤n≤21 [7] by a computer. They also determined the corresponding extremal graphs. Sun [8] et al. expanded the results for ex(n, C 6 ) to n≤26.
In this paper, the lower bounds on ex(n, C 2k ) for k≥3 are studied when n is small. We first construct some C 2k -free graphs of order n 0 =n 0 (k) to obtain the lower bounds on ex(n 0 , C 2k ). Then, the lower bounds on ex(n, C 2k ) for n< n 0 are obtained from them by deleting some vertices. The known results in [9] show that lower bounds of ex(n, C 2k ) we obtained when n=4k 2 
Note that we construct F 1 from a cycle of length 2(2k+1), and expand each P 3 to a K 2k−1 . Furthermore, Let n 0 denote the order of F 1 . If nn 0 , we can construct the C 2k -free graphs of order n from F 1 by deleting vertices as follows. Let ∆n=n 0 −n, the graph obtained from (2 1) ( (2 1) (
where α=∆n/(2k − 2), β=∆n mod (2k−2) and ∆n=n 0 −n. By Lemma 1 and Lemma 2, we have the lower bounds on ex(n, C 2k ) for 2k 2 −3<n≤ n 0 = 4k 2 − 2k−2 as following. Lemma 3. For 2k 2 −3<n ≤n 0 = 4k 2 − 2k−2, we have
where the values of Ω 1 and Ω 2 are equal to the ones enclosed in square bracket of the inequalities (1) and (2) respectively. , u i , v i+1 , x i,1 , x i,2 ,…,  x i,2k−4 })∪EC({v 2k+2 , u 2k+2 , v 1 , x 2k+2,1 , x 2k+2,2 ,…, x 2k+2,2k−4 }) EC({y i,j , y i,j+1 , z i,j,1 , z i,j,2 ,…, z i,j,2k−3 })∪(EC({u i , y i,1 , y i,2 , z i,1,1 ,  z i,1,2 ,…, z i,1,2k− 
Then |E(F 2 )|=((k − 2)σ − 1)×(k + 1)+(2k+2)σ = (k+1)(kσ −1). Note that F 2 is constructed from a graph G with girth g(G)> 2k+1. Furthermore, F 2 consists of k(k + 1) blocks of order 2k−1. So F 2 contains no C 2k . Hence we have ex(n, C 2k ) ≥(k + 1)(kσ − 1), where n=2k 2 −3k−1. Taking k=5 as an example, the graph F 2 of order 234 is shown in Fig. 2 . Hence we have ex(234, C 10 ) ≥ 1074. Let n 0 denote the order of the graph F 2 . If n=n 0 , we can construct the C 2k -free graphs of order n by deleting vertices from F 2 as follows. Let ∆n=n 0 −n, the graph obtained from z γ+1,1,l for 1≤l≤θ. If θ=2k−3, H ∆n is obtained from H γm+2k−4 by  removing y γ+1,1 . There remains the case of 2k−3<θ≤ m−1. Let α = (θ −(2k−3))/(2k−2) and β=(θ−(2k−3)) mod (2k−2). H ∆n is obtained from H γm+2k−3 by removing z γ+1,j,l and y γ+1,j for 2≤j ≤α+1 and 1≤l≤2k−3, and removing z γ+1,α+2,l for 1≤l≤β. We can notice that the graph H (k+1)m is obtained from F 2 by deleting all the vertices on each chord u i u i+k+1 except u i and u i+k+1 for 1≤i≤ k+1.
For ∆n>(k+1)m, H ∆n is obtained from H (k+1)m by removing the vertices x 1,j for 1≤j≤θ . Hence we have the following lemma.
Lemma 4. For 4k 2 −2k−2< n≤ n 0 =2k 2 −3k−1, we have 2 (4 3 ) ( ; ) ( 1) ( 1) ( ( 2) 1) ( ( 1) ) , 2
where α=∆n−γm−(2k−3)/(2k−2), γ=∆n/m, ∆n=n 0 −n and m=2k 2 −6k+3. If ∆n−γm≤2k−3, then p=0 and β=∆n−γm, otherwise p=1 and β=(∆n−(2k−3)(γ+1)) mod 2k−2.
3) n>2k
3 −3k -1 If (n−2k 3 +3k+1) mod (2k 2 −2k−1)≡0, we will construct the C 2k -free graphs of order n denoted by F 3 as follows. Let t=2n/(2k 2 −2k−1). Firstly, we construct a cycle of length 2t, and label the vertices of the cycle by v 1 , u 1 , v 2 , u 2 ,..., v t , u t sequentially. Secondly, we divide the cycle into t copies of P 3 (v i u i v i+1 for 1≤i≤t−1 and v t u t v 1 ), and expand each P 3 to a K 2k−1 by adding 2k−4 vertices, where x i,1 , x i,2 ,..., x i,2k−4 are added to v i u i v i+1 for 1≤i≤t−1 and x t,1 , x t,2 . . . , x t,2k−4 to v t u t v 1 . Now the t copies of K 2k−1 are connected end to end. Let 
Then |E(F 3 )|=((k−2)σ×t/2−t/4)+tσ=ktσ/2−t/4. Note that F 3 is constructed from a graph G with girth g(G)>2k+1. Furthermore, F 3 consists of kt/2 blocks of order 2k−1. So F 3 contains no C 2k . Hence we have ex(n, C 2k )>ktσ/2−t/4, where (n−2k 3 +3k+1) mod (2k 2 −2k−1)≡0. Taking k=5 as an example, the graph F 3 of order 273 is shown in Fig. 3 . Hence we have ex(273, C 10 )>1256. Let n 0 denote the order of the graph F 3 . If n=n 0 , we can construct the C 2k -free graphs of order n by deleting vertices from F 3 as follows, where n 0 −(2k 2 −2k−2)≤n<n 0 . Let ∆n=n 0 −n, the graph obtained from F 3 
